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We propose the use of N -jettiness (τN ), a global event shape, as a probe of nuclear dynamics in
lepton-nucleus collisions. It characterizes the amount of soft radiation between the jet and nuclear
beam directions. We give the factorization for the 1-jettiness (τ1) distribution for the production of
a single hard jet (J) in lepton-nucleus collisions: `+A(P )→ J(PJ) +X. Each nuclear target gives
rise to a unique pattern of radiation, affected by nuclear dynamics, that can be quantified by the
τ1-distribution. Up to power corrections, the τ1-distribution allows for a direct measurement of the
nuclear PDFs. Additional nuclear-dependent effects will be dominated through power corrections
of size ∼ Q2s(A)/(τ1PJT ) where Qs(A) is a dynamical nuclear scale and PJT is the transverse
momentum of the jet. Such nuclear-dependent effects can be studied through a dedicated program
to measure τ1-distributions for a range of nuclei and kinematics. We give numerical results for the
1-jettiness distribution for the simplest case of a proton target at next-to-leading-log accuracy.
PACS numbers: 12.38.Bx, 12.38.Cy, 12.39.St, 24.85.+p
Event shape distributions have played a vital role in
advancing our understanding of various dynamical as-
pects of QCD. A new global event shape for exclusive
N -jet cross-sections, called N -jettiness (τN ) [1, 2], was
recently introduced to veto additional jets in an inclusive
manner. The definition of τN is given by
τN =
∑
k
mini
{2qi · pk
Qi
}
, (1)
where the set {qi} denote reference four-vectors along the
beam and the N jet directions. The sum over k runs over
all the hadronic final state particles of momentum pk, and
the Qi are arbitrary normalization constants on the or-
der of the hard scale in the process. Different choices of
the set Qi correspond to different definitions of τN with
different properties [2]. The region of small τN corre-
sponds to events with very little radiation between the
N jets and the beam directions, with the limit τN → 0
corresponding to N infinitely narrow and well separated
jets.
For processes with nuclei in the initial state, N-jettiness
can provide a quantitative way to characterize the unique
pattern of final state radiation thereby probing nuclear
medium effects. N-jettiness can thus be used as a new
diagnostic tool for studying various aspects of nuclear
dynamics. Jet tomography is known to be an important
tool to diagnose properties of the quark-gluon plasma
(QGP) produced in relativistic heavy ion collisions [3].
The interactions of an energetic jet moving through a
dense medium change the momentum spectrum of jets
(jet-quenching) leading to the spectacular phenomenon
of leading particle or jet suppression observed in rela-
tivistic heavy ion collisions at both RHIC and the LHC
[4]. The same interaction also induces additional radi-
ation to alter the radiation pattern between the beam
and jet directions and to change the overall jet shape.
Instead of varying jet shape parameters to observe such
effects [5], one can alternatively use N-jettiness as a way
to quantify the radiation pattern, while keeping the jet
definition unchanged. The combination of jet-quenching
and N-jettiness measurements can provide a comprehen-
sive jet tomography to diagnose the properties of a dense
medium, such as QGP or the medium of ordinary nu-
clei. Similarly, nuclear dynamics in other processes such
as nuclear deep inelastic scattering (DIS) can be studied
through N-jettiness distributions.
In order to compute τN [1, 2], any standard infrared-
safe jet algorithm can be employed to obtain N jets and
the resulting jet momenta are used as the reference jet
vectors in the set {qi} in Eq. (1). The only information
needed from the jet algorithm for the calculation of τN
are these reference jet momenta. In the limit τN → 0,
where the jets are well separated, different jet algorithms
will give rise to the same set of reference momenta. The
jet algorithm dependence is thus power suppressed in the
region of small τN . The reference momenta {qi} can also
be obtained directly from a minimization procedure for
τN without the use of a jet algorithm [6].
In the N-jettiness formalism, all final state particles are
grouped either with one of the beam directions or one of
the jet directions through the minimization requirement
in Eq. (1). The i-th jet is then defined to be the set of par-
ticles grouped in the qi-th direction. Note that the con-
tribution of particles collinear with one of the reference
vectors qi or particles with soft momenta is suppressed
due to the dot products {qi · pk} in Eq. (1). The largest
contributions arise from particles with sizable momenta
in a direction distinct from the set {qi}. This allows one
to isolate events with N narrow jets with only soft radi-
ation between the jets by restricting to a region of small
τN . One of the advantages of N-jettiness over other event
shapes such as Thrust is that it allows one to be exclu-
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2sive in the number of final state jets while simultaneously
being insensitive to the contribution from forward beam
remnants, which are experimentally difficult to control.
The forward beam remnant contribution to τN is sup-
pressed, since these particles are mostly collinear with
the beam reference momenta in the set {qi}. Further-
more, τN quantifies the shape of radiation between the
N jets as opposed to variables like Thrust which do not
distinguish the various jet and beam regions. For more
details on the N-jettiness formalism we refer the reader
to Refs. [1, 2] and references within.
As a first step, in this paper, we consider a specific
application of N-jettiness: single jet (N = 1) produc-
tion in lepton-nucleus collisions. Such an analysis can
be generalized for multiple jets (N > 1) in a straightfor-
ward manner. Inclusive production of a single jet with
a high transverse momentum (PJT ) and rapidity (y) in
lepton-nucleus collisions, `+A(P )→ J(PJ)+X, is a well-
defined observable and can be systematically calculated
in the QCD collinear factorization formalism [7]. We set
up a factorization formalism, based on the Soft Collinear
Effective Theory (SCET) [8], that in addition gives the
1-jettiness distribution for such processes. The value of
τ1 reflects the amount of radiation between the jet and
nuclear beam directions. By studying the τ1 distribution
for a wide range of nuclei, one can systematically probe
the effect of the nuclear environment on the observed pat-
tern of radiation. For larger nuclei, the τ1-distribution is
expected to be broader with the peak position shifted
toward larger values of τ1. This corresponds to the en-
hanced hadronic activity between the jet and beam direc-
tions due to nuclear-medium effects in larger nuclei. Such
a program can be carried out at the proposed Electron-
Ion Collider (EIC) where a wide range of nuclear targets
are planned [9]. In particular, a measurement of the ratio
of the cross-sections
dσ(A, τ1, PJT , y)
dσ(A = 1, τ1, PJT , y)
, (2)
between a larger nuclear target (A) and the nucleon
target (A=1) can isolate A-dependent nuclear medium
effects in the three dimensional configuration space
(τ1, PJT , y), allowing for systematic studies of dynamical
nuclear effects. Many of the nuclear-independent theo-
retical uncertainties are likely to cancel in the ratio in
Eq.(2).
Without requiring the detection of the scattered lep-
ton, the jet transverse momentum PJT is the only hard
scale in this process. The tree-level partonic scattering is
given by lepton-quark scattering through a virtual pho-
ton exchange ` + q → `′ + q. The τ1 distribution is just
proportional to δ(τ1), corresponding to the infinitely nar-
row quark jet, and takes the form
d3σ(0)
dydPJT dτ1
= σ0 δ(τ1)
∑
q
e2q fq/A(x), (3)
where σ0 ≡ dσˆdy dPJT is just the tree-level partonic cross-
section differential in the jet rapidity and transverse mo-
mentum. The sum over q runs over the initial quarks
and antiquarks, eq is the corresponding fractional charge,
fq/A is the corresponding nuclear parton distribution
function (PDF) [10], σ0 and initial parton momentum
fraction x are given by
σ0 =
4piαem
Q3ey
[
sˆ2 + uˆ2
tˆ2
]
, x =
eyPJT /Q
1− e−yPJT /Q, (4)
respectively, with sˆ, tˆ, and uˆ the usual partonic Mandel-
stam variables, and Q =
√
s denotes the lepton-nucleon
center-of-mass (CM) energy. Non-zero values of τ1 will
occur only beyond tree level in perturbation theory. For
τ1  PJT , fixed-order perturbation theory breaks down
due to the appearance of large logarithms of the form
of αns ln
2n (PJT /τ1). A systematic resummation of such
logarithms can be performed [1] in the SCET frame-
work. Furthermore, non-perturbative effects will modify
the tree-level result in Eq.(3) and these effects will also
be incorporated.
We work in the lepton-nucleus CM frame. At lead-
ing order in the SCET power counting, the factorization
formula for the τ1-distribution takes the schematic form
d3σ
dydPJT dτ1
∼ H ⊗BA ⊗ J ⊗ S, (5)
where ⊗ represents a convolution, H is the hard function
encoding physics of the hard scattering, BA is the nuclear
beam function [11] encoding the dynamics of the initial
state nucleus and the collinear beam radiation, J is the
jet function for the dynamics of collinear modes along the
jet direction, and S is a soft function for soft radiation
throughout the event. We refer the reader to Ref. [11]
for more details on the beam function and how it differs
from the jet function. The invariant mass of the nuclear
beam jet and the final state jet is characterized by the
scale
√
τ1PJT and the soft radiation has momentum of
size τ1. The relevant scales in the problem are then given
by
PJT 
√
τ1PJT  τ1, (6)
so that H, BA, J , and S naturally live at the scales
µH ∼ PJT , µJ ∼
√
τ1PJT , and µS ∼ τ1 respectively. For
perturbative values of µJ , the beam function BA can be
matched [11] onto the usual nuclear PDFs fA as
BA ∼ I ⊗ fA, (7)
where the perturbative coefficient I is independent of the
nucleus.
According to Eqs. (5) and (7), for τ1  ΛQCD, the
τ1-distribution is completely determined in terms of the
nuclear PDFs and the perturbatively calculable functions
H, I, and S. For τ1 ∼ ΛQCD, the universal soft function
S becomes non-perturbative. The soft function S is inde-
pendent of the nuclear target and can thus be extracted
from the data on lepton-nucleon scattering and used as
an input for scattering off heavier nuclei. Furthemore,
for kinematics where µJ ∼
√
τ1PJT ∼ ΛQCD, the beam,
3jet and soft functions all become non-perturbative. Such
effects can be important for τ1 ∼ Λ2QCD/PJT  ΛQCD.
The leading power formalism is modified through
power corrections. The power corrections are character-
ized through ratios of the scales µH , µJ , µS , and Qs(A).
Qs(A) is a dynamical scale which characterizes the size
of power corrections from multiple scattering in a nuclear
medium and is a function of the nuclear atomic number.
For the simplest case of the nucleon, Q2s(A = 1) ∼ Λ2QCD.
For larger nuclei Q2s(A) ∼ AαΛ2QCD where α denotes the
power law dependence with atomic number A. If there
is no color transfer between nucleons, α is expected [12]
to be ∼ 1/3 corresponding to the length of multiple scat-
terings in the nucleus. When the scales µH or µJ are
of the same order as Qs(A), the power corrections can-
not be ignored and a new approach such as the Color
Glass Condensate approach [13] is needed. Qs(A) is also
sometimes referred as the saturation scale [13].
Power corrections to the hard function correspond to
multiple hard scatterings at the scale µH ∼ PJT [14].
Such effects generate power suppressed operators which
give rise to higher twist nuclear beam functions which are
then matched onto higher twist nuclear matrix elements
[12]. Thus, these effects can also give rise to nuclear de-
pendent effects but will be suppressed by the hard scale
µH ∼ PJT . The dominant nuclear-dependent power cor-
rections arise from corrections to the OPE in Eq.(7) and
scale as Q2s(A)/µ
2
J . These effects correspond to multiple
scatterings along the nuclear beam at the jet scale with
typical size
Q2s
µ2J
∼ Λ
2
QCDA
α
τ1PJT
, (8)
and can be enhanced by the large number of gluons [13]
in a large nucleus. Precision measurements of the τ1-
distribution for different values of A and PJT can allow
for an independent extraction of α and test the expec-
tation [9, 12] of α ∼ 1/3. Power corrections to the jet
and soft functions will be universal and independent of
the nuclear target. However, the convolutions of these
universal power corrections with the nuclear beam func-
tions can give rise to differences in the τ1-distribution for
different nuclei.
By comparing data with the leading-power factor-
ization formalism in Eqs. (5) and (7), any measured
non-trivial nuclear modification to the τ1-distribution is
strong evidence of coherent multiple scattering, and can
be of interest in the study of multi-parton correlation,
energy loss in cold nuclear matter, etc.
We now give some details on the SCET framework and
the resulting factorization formula. In the lepton-nucleus
CM frame, the collinear degrees of freedom along the
nuclear beam have momenta proportional to the light-
cone vector nµA = (1, 0, 0, 1). We define a conjugate light-
cone vector n¯µA so that n
2
A = n¯
2
A = 0, nA · n¯A = 2, and
~nA = −~¯nA. Similarly, the light-cone four-momentum
vectors nµJ and n¯
µ
J associated with the jet direction so
that n2J = n¯
2
J = 0, nJ · n¯J = 2, and ~nJ = −~¯nJ , with the
jet direction along ~nJ .
The collinear modes along the nuclear beam and jet
directions have momentum scalings
(nA · p, n¯A · p, p⊥A) ∼ PJT (λ2, 1, λ),
(nJ · p, n¯J · p, p⊥J ) ∼ PJT (λ2, 1, λ), (9)
respectively where λ ∼ √τ1/PJT and p⊥A and p⊥Jare
momentum components perpendicular to the beam and
jet axis respectively. The soft radiation has momentum
scaling
(nA · p, n¯A · p, p⊥A) ∼ PJT (λ2, λ2, λ2). (10)
The factorization formula for the differential cross-section
derived using SCET is given by
d3σ
dydPJT dτ1
= σ0
∑
q,i
e2q
∫ 1
0
dx
∫ 1
x
dz
z
∫
dsJ
∫
dta
×H(xQPJT e−y, µJ ;µH)
×δ[x− eyPJT
Q− e−yPJT
]
Jq(sJ , µJ)
×Iqi
(x
z
, ta, µJ
)
fi/A(z, µJ) (11)
×S
(
τ1 − ta
Qa
− sJ
QJ
, µJ ;µS
)
,
which is the detailed version of the schematic formulas in
Eqs. (5) and (7) and Qa = xQ,QJ = n¯J · PJ . In deriv-
ing the above formula we also used the reference vectors
qµA = xP
µ
A, where PA is the initial state nucleus momen-
tum and qJ = (PJT cosh y,
~PJT , PJT sinh y) which is just
the momentum of a massless jet with transverse momen-
tum and rapidity PJT and y respectively. The last two
arguments of the hard function H denote that renormal-
ization group (RG) evolution between the scales µH and
µJ is included. Similarly, the soft function is evolved be-
tween the scales µS and µJ . The jet function J
q, the
beam function to PDF matching coefficient Iqi, and the
nuclear PDF fi/A are all evaluated at the common jet
scale µJ . The tree-level values for various functions above
are H = 1, Jq = δ(sJ), Iqi = δqiδ(ta)δ(1 − x/z) and
S = δ(τ1 − taQa − sJQJ ). For field theoretic definitions of
the beam, jet, and soft functions we refer the reader to
[2] and references within. Large logarithms in the ratio
of the scales µH ∼ PJT , µJ ∼
√
PJT τ1, and µS ∼ τ1 are
resummed using the RG equations in SCET.
In phenomenological studies, theoretical uncertainties
to Eq.(11) will arise from a truncation of the perturbative
series in the hard, jet, and soft functions, the power cor-
rections discussed earlier, and from non-perturbative soft
function effects when τ1 <∼ ΛQCD. In addition, Eq.(11)
will be affected by the standard PDF uncertainties. In
the following, we make numerical predictions for the τ1-
distributions for the simplest case of a proton target. We
estimate the perturbative uncertainties via a standard
scale variation. We study the effects of non-perturbative
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FIG. 1. dσ/σ0 ≡ 1σ0
d3σ
dydPJT dτ1
as a function τ1 for a proton
target at NLL accuracy. The bottom and top bands cor-
respond to
√
s = 90 GeV, PJT = 20 GeV, y = 0 (Stage I
EIC) and
√
s = 300 GeV, PJT = 20 GeV, y = 0 (HERA) re-
spectively. The dashed curve shows the singular part of the
NLO cross-section for HERA kinematics. The scale choices
for µH , µJ , µS are explained in the text.
soft radiation by modeling the soft function in the re-
gion τ1 <∼ ΛQCD and varying the model parameters as
described below. Numerical studies of power corrections
are left for future work. Any deviations between data and
the prediction of Eq. (11), after including the remaining
uncertainties, will be a measure of the size of power cor-
rections. These power corrections can be studied as a
function of (τ1, y, PJT ). In the ratio in Eq. (2), the un-
certainties from nuclear-independent effects will largely
cancel out so that a deviation from unity probes nuclear-
dependent effects.
Fig. 1 shows the τ1-distribution at Next-to-Leading-
Log (NLL) accuracy for typical Stage-I EIC and HERA
kinematics. We follow the conventions in Table 1 in
Ref. [15] for counting logs, set nf = 5, and use CTEQ6L
PDFs [16]. The shaded bands correspond to NLL scale
variation by choosing µH = rPJT , µJ = r
√
PJT τ1, µS =
r τ1 for the range r = {1/2, 2}. The curve in the mid-
dle of each band corresponds to r = 1. We also show
(dashed curve) the singular part of the NLO cross-section
for HERA kinematics. The effect of resummation is to
tame the singular behavior of the fixed order cross-section
in the τ1 → 0 limit. The τ1-distribution is cutoff at 1 GeV
so that the soft function is still perturbative.
In the region τ1 ∼ ΛQCD, the soft function S(τ1, µ)
becomes non-perturbative and is modeled as
S(τ1, µ) =
∫
dkadkJδ(τ1 − ka − kJ)S(ka, kJ , µ),(12)
where S(ka, kJ , µ) is the generalized hemisphere soft
function [2]. Non-perturbative physics in this hemisphere
soft function is encoded by the convolution of the par-
tonic soft function with a model function Smod [17–19]
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FIG. 2. dσ/σ0 ≡ 1σ0
d3σ
dydPJT dτ1
as a function τ1 for a proton
target at NLL accuracy including non-perturbative τ1 values
with
√
s = 300 GeV, PJT = 20 GeV, and y = 0. The different
curves with peak positions from left to right correspond to
(a, b,Λ) = (2.0,−0.2, 0.2), (1.2,−0.1, 0.3), (2.2,−0.4, 0.5),
(1.8,−0.05, 0.4) in Eq. (15) respectively.
as
S(ka, kJ , µ) =
∫
dk′adk
′
j Smod(k
′
a, k
′
J)
×Spart.(ka − k′a, kJ − k′J , µ), (13)
where Spart. corresponds to the perturbative soft func-
tion. Smod(k
′
a, k
′
b) is chosen to peak near k
′
a,b ∼ ΛQCD
so that for τ1  ΛQCD the soft function reduces to the
perturbative result Spart.. For NLL resummation, the τ1
distribution is sensitive to the non-perturbative physics
only through the combination
Fmod(u) =
∫ u
−u
dζ
2
Smod
(
u+ ζ
2
,
u− ζ
2
)
. (14)
This result is derived by expanding Eq. (11) to the NLL
level and using u = k′a + k
′
b, ζ = k
′
a − k′b in Eq. (13).
The function Fmod is parameterized as
Fmod(u) =
N(a, b,Λ)
Λ
( u
Λ
)a−1
Exp
[
− (u− b)
2
Λ2
]
,(15)
where the normalization factor N(a, b,Λ) is chosen to
satisfy
∫∞
0
duFmod(u) = 1, equivalent to the condition∫
dka
∫
dkJSmod(ka, kJ) = 1. In Fig. 2, we plot the 1-
jettiness cross section as a function of τ1 for different pa-
rameter choices of a, b, and Λ as explained in the caption.
We made the scale choices µH = PJT , µJ =
√
τ1PJT , and
µS = τ1
√
1 + (τmin1 /τ1)
2 with τmin1 = 1 GeV. The dif-
ferent models exhibit different behavior for τ1 ∼ ΛQCD
but converge to the perturbative result for larger values
of τ1 as required. The universality of the soft function
allows its extraction from lepton-nucleon collisions to be
then used in scattering off larger nuclei.
A similar analysis can be performed for other nuclear
targets. We leave further studies of nuclear phenomenol-
5ogy, higher order resummation, and power corrections for
future work.
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